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ABSTRACT 
In this modern world, climate change stands out as a 

major crisis for humanity and environmental 

protection. Carbon dioxide released from factories 

and industrial operations is the primary factor 

contributing to the rise in planetary temperatures. 

Carbon cap and trade policy is a government 

regulation program that aims to assist corporations 

in gradually decreasing hazardous gasses and 

polluting emissions. This research study discusses the 

manufacturing inventory model with a carbon cap 

and trade policy approach and emission reduction 

investment efforts. Furthermore, the variables are 

considered uncertain. Pentagonal fuzzy numbers are 

used to represent these uncertain variables. Two 

methods were utilized in the fuzzy approach: the 

centroid method and the mean of the interval method. 

A numerical example is provided to support the 

proposed mathematical model. 

 

KEYWORDS: Carbon emissions, inventory, 
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I. INTRODUCTION 
Carbon emissions are recognized as one of 

the leading factors contributing to global warming. 

Since the Industrial Revolution, the manufacturing 

field has expanded across multiple countries, which 

has led entities to produce an enormous amounts 

of greenhouse gases from inventory functions such as 

production, inventory management, sales, and 

distribution. Manufacturing facilities are significant 

contributors to carbon emissions, which results in 

ecological changes such as the depletion of the ozone 

barrier and several environmental issues. These 

vulnerabilities will become more severe if we keep 

on concentrating only on improving economic profits 

and neglecting the adverse ecological consequences 

of the surrounding environment. Various countries 

and other organizations have committed themselves 

to looking into practical strategies to mitigate 

greenhouse gas emissions. The carbon cap-and-trade 

system is one of the essential mechanisms. The 

carbon cap-and-trade scheme combines the 

government's mandatory regulation with the flexible 

marketplace system. This pressures firms to take 

necessary actions to lower carbon emissions by the 

optimization of manufacturing operations, inventory 

levels, transport costs, and various other measures in 

inventory processes. Investing in emission reduction 

for industrial manufacturing processes enables 

companies to implement environmentally friendly 

practices to minimize emission levels and prolong the 

operational lifespan of the machines. Lowering 

emission levels not only saves operating costs but 

also enhances environmental quality and improves 

business expansion in the competitive marketplace. 

Many researchers have developed inventory 

models with sustainability concerns. Qin et. al (2015) 

developed a sustainable inventory model with a 

demand rate related to trade credit and the 

environmental sensitivity of consumers under 

different carbon regulations. Li et.al (2017) examined 

a supply chain inventory model by including the 

impact of carbon policies and carbon-sensitive 

demand in the market with emission reduction 

measures. Fan et.al (2018) Provided a manufacturing 

inventory model with investment in emission 

reduction and carbon cap and trade mechanism. Pan 

et.al (2020) offered a production inventory model in 

the integrated supply chain for lowering carbon 

emissions under the carbon cap and trade scheme. 

Astanti et.al (2022) presented a supply chain 

inventory model to make optimal inventory choices 

in carbon emissions reduction using partnerships 

with vendor managed inventory options and carbon 

cap and trade mechanism. Hasan et.al (2023) 

established a green inventory model by considering 

green technology investment along with different 

carbon pricing regulations to reduce carbon 

emissions. 
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 Real inventory issues involve several kinds 

of uncertainties and imprecision. The fuzzy concept 

is a mathematical approach to handling unpredictable 

situations in inventory operations. Various inventory 

models with environmental aspects were developed 

under different unpredictable environments. Khatua 

et.al (2017) proposed a green supply chain 

manufacturing inventory model with considering the 

inventory holding cost as an uncertain parameter. 

Arora et.al (2022) developed a fuzzy inventory model 

with remanufacturing processes to mitigate the 

release of carbon emissions by utilizing carbon 

trading policy. Parida et.al (2023) describes a 

sustainable inventory model with two warehouse 

consideration to curb carbon emissions for 

deteriorating items with green technology investment 

under different fuzzy situations. Alsaedi et.al (2023) 

formulated a sustainable green supply chain 

inventory model that includes the effect of learning 

and emissions for defective products in uncertain 

circumstance.  

In this research paper, we have utilized Fan 

(2018) production inventory model that includes 

emission reduction investment and carbon cap-and-

trade policy as reference model. We have extended it 

by considering parameters as uncertain variables. 

Uncertain variables are expressed by pentagonal 

fuzzy numbers. Two methods are utilized in the fuzzy 

approach. One is centroid method and other is mean 

of the interval method.  

 

DEFINITIONS 

FUZZY SET 

A fuzzy set 
sA  in a universe of discourse iX  is 

defined as the following set of pairs 

   , :
s

s iA
A j j j X  . Here 

 : 0,1s iA X   is a mapping called the 

membership value of ij X  in a fuzzy set 
sA . 

PENTAGONAL FUZZY NUMBER 

A fuzzy number  
1 2 3 4 5
, , , ,s s s s s sA a a a a a  is 

called a pentagonal fuzzy number, if its membership 

function is given by 

   

1 5

1

1 2

2 1

2

2 3

3 2

s

3

4

3 4

4 3

5

5 4

5 4

s s

s

s s

s s

s

s s

s s

A

s

s

s s

s s

s

s s

s s

0,     for  j a , a j

j a
, for  a j a

a a

j a
, for a j a

a a
j

1,              for j a

a j
, for  a j a

a a

a j
, for  a j a

a a



  
 

 
 

 
 
 

  
 

  
 

 
  
 
 

 
   

 

 

ARITHMETIC OPERATIONS ON PENTAGONAL FUZZY NUMBERS 

The arithmetic operations between Pentagonal fuzzy numbers proposed are given below. 

Let us consider  
1 2 3 4 5
, , , ,s s s s s sA a a a a a and  

1 2 3 4 5
, , , ,t t t t t tA a a a a a  be two pentagonal fuzzy 

numbers. 

 
1 1 2 2 3 3 4 4 5 5

 + , , , ,s t s t s t s t s t s tA A a a a a a a a a a a       

 
1 5 2 4 3 3 4 2 5 1

 - = , , , ,s t s t s t s t s t s tA A a a a a a a a a a a      
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1 1 2 2 3 3 4 4 5 5

 , , , ,s t s t s t s t s t s tA A a a a a a a a a a a   

3 51 2 4

5 4 3 2 1

 = , , , ,
s ss s ss

t t t t tt
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a a a a aA

 
 
 
 

 

CENTROID METHOD 

If  
1 2 3 4 5
, , , ,s s s s s sA a a a a a is a Pentagonal fuzzy number then the centroid method of 

sA  is defined as   

  1 2 3 4 5

5

s s s s s

s

a a a a a
C A

   
  
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MEAN OF THE INTERVAL METHOD 

If  
1 2 3 4 5
, , , ,s s s s s sA a a a a a is a Pentagonal fuzzy number then the mean of the interval defuzzification 

method of 
sA  is defined as    

 
1 2 3 4 5

2

8

s s s s s

s

a a a a a
M A

   
  

 

NOTATIONS 

CRISP NOTATIONS 

PT  Production rate of the manufacturer 

DS   consumer’s demand rate  

FR Setup cost for production 

KL Unit holding cost for manufacturing  

SN Unit production cost for manufacturing 

KD  Carbon cap for manufacturing 

eM - Carbon emission coefficient of manufacturing 

SG Carbon emission coefficient of inventory for 

manufacturing  

NF Carbon emissions Setup processes in 

manufacturing 

0a   The amount of emissions when no emission 

reduction attempts are performed. 

PS  Selling price of carbon emission permits  

tl   Cost coefficient of investment in emission 

reduction efforts. 

s Carbon emission reduction effort of the 

manufacturer 

cyQ Optimal order quantity 

RMP  Total cost 

 

FUZZY NOTATIONS 

FR Fuzzy Setup cost for production 

KL  Fuzzy Unit holding cost for manufacturing 

SG Carbon emission coefficient of inventory for 

manufacturing 

NF Fuzzy carbon emissions Setup processes in 

manufacturing 

PS  Fuzzy selling price of carbon emission permits  

 

ASSUMPTIONS 

1. Invest in emission reduction and Carbon 

cap and trade regulation is implemented 

2. Uncertain parameters are taken as 

pentagonal fuzzy numbers 

 

MATHEMATICAL MODEL 

This section presents an inventory model 

that includes emissions from the manufacturing and 

storage units of the inventory functions.  Assuming 

that most of the emission levels occur in the course 

of production. An emission reduction investment is 

made at manufacturing facility to minimize 

pollutants. Carbon cap and trade regulation is 

implemented in the model. Moreover, we analyze the 

inventory model in two instances: one is crisp 

inventory model and the other is fuzzy inventory 

model. The variables of a fuzzy model are defined as 

unpredictable variables, and it is represented by a 

pentagonal fuzzy number. Two approaches are used 

in fuzzy: the mean of the interval method and the 

centroid method. In both models, the optimal order 

quantity and total inventory cost are obtained. 

Now, consider  0 1e sM a   , where 0a  

indicates the amount of emission when no attempt is 

taken to reduce emissions, 0 0a  ,  

The manufacturer's investment in cutting carbon 

emissions is represented as  
2

t s
s

l
I

2


  , where 

tl  indicates the cost coefficient of the investment in 

emission reduction and s  denotes Manufacturers' 

attempts to reduce carbon emissions, s0 1   

CRISP MODEL 

The total inventory cost in crisp sense is given 

below 
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Total inventory cost 

     
    

 
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l
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 
  
 
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 

 

..... (1.1) 

By differentiating equation (1.1) with respect to cyQ and equating to 0. We get the optimal order quantity in 

crisp sense 

  
  

P F P N

cy

K P S

2T R S F
Q

L S G

 


 
……. (1.2) 

Fuzzy model 

Now the total inventory cost is taken as fuzzy, we get 

     
    
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           …… (1.3) 

Now we consider the variables as pentagonal fuzzy numbers, 
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Centroid method 

By applying the defuzzification formula for centroid method in equation (1.4), we get total inventory cost in 

fuzzy sense using centroid method, which is given in equation (1.5) 
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         …….. (1.5) 

By differentiating equation 1.5 with respect to cyQ and equating to 0. We get the optimal order quantity in fuzzy 

sense using centroid method 
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         …… (1.6) 

Now the equation 1.6 is the required fuzzy optimal order quantity using centroid method. 

Mean of the interval method 

By applying the defuzzification formula for mean of the interval method in equation (1.4), we get total inventory 

cost in fuzzy sense using mean of the interval method, which is given in equation (1.7) 
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           …… (1.7) 

Now differentiating equation 1.7 with respect to cyQ and equating to 0. We get the optimal order quantity in 

fuzzy sense using mean of the interval method 
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        ……. (1.8) 

Now the equation (1.8) is the required fuzzy optimal order quantity using mean of the interval method. 

NUMERICAL EXAMPLE 

A numerical example is provided to validate the presented green inventory model. This helps to compare the 

crisp and fuzzy model solution results. 

Crisp data values 

PT  250, DS  100, FR  1200, KL  1.5, SN  280, KD  580, SG  1.25, NF  170, 0a  9.8 
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PS  12,  tl  12,000, s  0.98 

Fuzzy data values 

Data values are considered uncertain and it is represented by pentagonal fuzzy numbers.  

FR   1196,1198,1200,1201,1202 , 
KL   1.3,1.4,1.5,1.6,1.7 ,                                          

SG 

 1.23,1.24,1.25,1.26,1.27 , 
NF   166,168,170,171,172 , 

PS   10,11,12,13,14  

 

SOLUTION RESULTS 

Solution results for both crisp and fuzzy model is 

provided below. 

Crisp solution 

Optimal order quantity value in crisp,

cyQ 313.33       

Total inventory value in crisp, RMP 29105.63  

Fuzzy solution 

Centroid method 

Fuzzy optimal order quantity value using centroid 

method,  *

cyC Q 312.91  

Fuzzy total inventory cost value using centroid 

method,  RMC P 29103.354  

Mean of the interval method 

Fuzzy optimal order quantity value using mean of the 

interval method,   *

cyM Q 312.99      Fuzzy 

total inventory cost value using mean of the interval 

method,  RMM P 29103.715  

 

COMPARISON 

From the numerical example results, it is 

clear that the fuzzy approach produces a lower value 

when comparing with crisp approach. In fuzzy 

model, two methods are used: centroid method and 

mean interval method, within this centroid method 

provides a lower optimal order quantity and total 

inventory cost than the mean interval method. 

Therefore, in this study, centroid methods yield a 

lower value in fuzzy approach. Cost savings and 

percentage of cost savings is given in table 1. 

Comparison of optimal order quantity values and 

total inventory cost is given in fig 1 and fig2. 

 

Method Order 

Quantity 

(Q) 

Total Cost Cost 

savings 

Cost 

savings 

percentage 

Quantity 

savings 

Quantity 

savings 

percentage 

Crisp 313.33 29,105.63 ------- -------- -------- --------- 

Fuzzy (Centroid 

Method) 

312.91 29,103.354 2.276 0.0078% 0.42 0.134% 

Fuzzy (Mean of 

the interval 

method) 

312.99 29,103.715 1.915 0.0066% 0.34 0.109% 

Table 1: Comparison of values 

 

 
Fig 1: Comparison of optimal order quantity 
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Fig 2: Comparison of Total inventory cost 

 

II. CONCLUSION 
The rapid expansion of the Industrial 

Revolution is one of the primary sources of the 

current global environmental crisis. Global warming 

and changing climates are the adverse impacts of 

industrial pollution that endanger society and human 

well-being. Implementing sustainable practices plays 

a vital role in boosting business profitability and the 

welfare of the environment. This study proposed a 

manufacturing inventory model that includes 

investments in emission reduction with a carbon cap 

and trade policy. Uncertain parameters are indicated 

with pentagonal fuzzy numbers. When the two fuzzy 

methods are compared, it is obvious that the Centroid 

method yields a lower result than the Mean of the 

interval method. In this model emission reduction 

investment is considered in manufacturing process, 

further research studies can be expanded with this 

model by implementing emission reduction efforts to 

distribution sectors in inventory activities. 
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