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ABSTRACT —The integral of the fuzzy
stochastic process with respect to fuzzy Brownian
motion is called the fuzzy Ito integral. Stochastic
differential equation is a differential equation in
which one or more term is a stochastic process and
the resulting solution is also a stochastic process.
This paper deals with the study of the fuzzy Ito
formula for some quotient fuzzy stochastic
differential equations. Using the product and
quotient rule of fuzzy Ito integral, some solutions of
fuzzy stochastic differential equations are discussed.
Here stochastic process is a collection of fuzzy
random variables and Brownian motion is a fuzzy
random variable. Also, some examples are
illustrated.

KEYWORD—Stochasticdifferential
equation(SDE),FuzzyBrownian Motion(FBM),
Fuzzy Ito integral(FIl), Fuzzy stochastic
process(FSP). a-cut of a fuzzy number(FN).

I. INTRODUCTION

The Differential equation is used to model
the evolution of a physical system. In most cases,
the coefficients of the differential equations are
random. In that case, SDE will arise. So SDE is a
differential equation in which one or more term is a
stochastic process(SP) and the resulting solution is
also a stochastic process. The application of SDE
has many areas such as biology, epidemiology,
mechanics, economics, finance etc. The concept of
stochastic models initial-ized in 1905. After that
many researchers have explained and study this
model. In 1944 Ito introduced the definition of
stochastic integral and the Ito formula. After that lot
of researchers discussed it. In 1975 Mcshane[1]
discussed a stochastic differential equations.
Kloeden and Platen [2] describe the numerical
solution of stochastic differential equation.
Platens[3] studied the numerical methods to get the

weak and strong solutions of stochastic differential
equations. Saarinen et.al[4] discuss the application
of stochastic differential equation for modeling the
dynamic behavior of small neurons. How Brownian
motion reflects on stochastic differential equation
was discussed by Wang and Li[5]. Bezandry and
Diagana [6] studied the concept of periodic
solutions of stochastic differentials. Klebaner [7]
gives a brief show of stochastic calculus and its
applications. Qi [8] studies the existence and
uniqueness of SDE. Wang and Liang[9] examined
the use of SDE in various areas.

Because of the presence of vagueness, SDE
are random as well as fuzzy. Hence, the fuzzy set
theory is a useful tool for modeling this kind of
equation. Zadeh [10] introduced fuzzy set theory.
From that point of view, several researchers
developed fuzzy logic in different areas of science,
engineering and management. Also, Zadeh
introduced fuzzy random variable. Then Puri,
Ralescue [11] and, other researchers developed
fuzzy random variable. Buckley[12] developed
fuzzy random variables using fuzzy numbers as
parameters in the probability distribution.
Malinowski [13] study the existence of solutions to
the fuzzy stochastic differential equation(FSDE).
Kim[14] proves the existence and uniqueness of the
solution for a FSDE using the lipschitz condition.
Mitcha [15] studied the FSDE. Didier et.al [16]
study the weak uniqueness of the FSDEs using
FBM. Arhrrabi[17] et.al discuss the existence and
uniqueness of the solution of a FSDE. Jafari[18] the
non-adapted fuzzy stochastic differential using the
Iterative method. Here using Buckley’s [12] concept
of fuzzy probabilities, some quotient SDEs are
discussed. Due to the presence of randomness and
fuzziness the SP, ,, BM B, and the coefficients
of SDE t(y;t), v(y,, t)are taken as FSP which are
denoted as 1, F(P,t), D, t).

The present work is organised as follows.
Section-2 contains prerequisites of SDE, quotient
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stochastic differential equations, FSDE. Some
solution of quotient stochastic differential
equation(QSDE) have been discussed in section-3.
Finally, coclusion and concluding remarks are given
in section-5 using some references.

1. BASIC PRILIMINARIES

1. Random variable[19]

It follows [19] “"A random variable is a
mapping or a function from the sample space Q
onto the real line IR i.e. Y, t €T, where t is a
parameter and T € R".

2. Stochastic Process[19]

It follows [19] “A stochastic process is a
family of random variables denoted by .t € T
where t is time parameter and T € R".

3.Stochastic Differential equation[7]

It follows [7] “SDE is a differential
equation in which one or more term is stochastic and
resulting solution is also a stochastic, this equation
is called SDE.

dye = 1(WP,, t)dt + v(py, t)dB()
where the coefficient t(y.,t) and v(y,,t) are
drift and diffusion coefficients.

4. Brownian motion(BM) [7]

It follows [7]“BM B(t) is a continuous
time SP satisfy the following property:-

(i) BM satisfies independence increment
property ie. If t>s then B(t) —B(s) Iis
independent of past.

(i) B (t) satisfies normal increment
property i.e. B(t) — B(s) has a normal distribution
with mean zero and variance t-s.

(iif) B(t) is continuous function of t.

(iv) B(t)=0.

5. Fuzzy Brownian motion[19]

It follows [19] “A FSP {B(t),te
[0,T],0 < T < oo} is called a FBM on probability
space (Q,A4,P) if and only if Va € [0,1], the
process

By (t,w) = [Bi(t, w), B (t, w)]
is an interval valued BM on (£, 4, P) and

B,(t,w) = B, (t, w).
a€[0,1]
6. White Noise[7]

It follows [7] “White noise is often
regarded as the informal nonexistent derivative of

BM i.e. B(t). K. lto used the white noise as a
random noise which is independent at different
times and large fluctuation”.

7. Fuzzy Ito formula [19]

It follows [19] “Let i, be a fuzzy Ito
process satisfying the FSDE

dip, = At Po) dt @ (6(the) ® dBy),

and f(y; t) be a twice- differentiable function,
then f(,,t) is a fuzzy Ito process.

Fuzzy Ito lemma is defined as

d(F - Y wod Ji di
(o) = G ot d ® Grdi
ig—é&zwvdt)".

8. Positive fuzzy number(FN)[19]

It follows [19]“A fuzzy number A on IR
is called positive FN if A>0 and its the
membership function pz(x) satisfies pz(x) =
Ovx <0.

9. a-cut of an FN[15]

It follows [15] “Let i@ € F(IR) be a fuzzy
number, the a-cut of i, for every a € [0,1] is the
set,

[t][a] = {x € R:ii(x) > a}

W = [u'lalu’[a]] (Say)

where [ii]![a] = xiéllg{x € [&][a]}
and [ii]Y[a] = sup{x € [i][a]},
x€IR

the support of @ is given by [&][0] =
Support(ii) = {x € IR:fi(x) > 0}.

10. Fuzzy arithmetic operations[18]

It follows [18] “a-cut of the fuzzy numbers
are closed and bounded intervals. Arithmetic
operation of fuzzy numbers are defined using
arithmetic operations of their a-cuts. Let @ b be
the two fuzzy numbers whose a-cuts are d[a] =
[a*[a], a"[a]], b[a] = [b"[a], b"[a]],

Let ©,6,0, and @ denote addition,
subtraction, multiplication, and division of fuzzy
numbers.

eFuzzy addition:-

(@@ b)[a]

= [a'[a] + b*[a], a”[a] + bY[a]]

eFuzzy subtraction:-

(@ © b)la]
= [a"[a] - b*[a],a"[a] — bY[a]].
eFuzzy multiplication:-

(@ © b)[a] = a[a] - bla]
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= [Min{a*[a]b[a], a*[a]bY[a],
a’[a]b*[a], a’[a]b"[a]},
Max{a*[a]b[a], a*[a]bY[a],
a’[a]b*[a], a"[a]b"[al]}].

«Fuzzy division:-

= a[a]/b[a] = [a*[a], a’[a]]
- [1/b°[a]1/bM[a]],
provided 0 & b[«a].

(a@/b)a]

1. QUOTIENT FUZZY STOCHASTIC
DIFFERENTIAL EQUATION
Most of the FSP are not differentiable like
FBM B, is a continuous process which is no where
differentiable. So the derivatives like % does not
exists in fuzzy stochastic calculus. Therefore the
FSP are allowed to used the infinitesimal changes of
the process in d3B,.
Between time t and t +A t, the change in
fuzzy stochastic process is given by
APy = Ppipe O Py
when At is infinitesimally small, Then the
infinitesimal change of process v, can be defined
as,
APy = Prra OB i
Foe each « € [0,1], dip;[a] = Prracla] — Pila]
is the a cut of equation(4).
Let Let Ay = {c|th: € Pefa]}, A
Yo = (YeraclPerar € Yevaclal}
A B, = {B,|B, € B[al},
AY = {Y:|Y; € Yelal}
Most of the FSPes are not differentiable.
Like the fuzzy Brownian motion process is a
continuous process which is nowhere differentiable.

Thus the derivatives I|ke

stochastic calculus.

The only quantities allowed to be used are
the infinitesimal changes of the process, in our case
dB,.

4B do not make sense in

The infinitesimal change of a process. The
change in the process between instances £ and £ @
AT is given by

Ay =Yg © Py
when A £ is infinitesimally small, so we obtain the
infinitesimal change of process ;.

die = Perar © e
¢~t+dt = J’t @ dl»[jt

Theorem 1 Let 1, and U, are two FSPs,
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then prove that
(i) For a constant C such that d(Cy,) =

Cdi,. 3 )
(ii) d(¢~t ) y~£) = dl,bj &) drg_g-
(iii) d(l,bt S) r\%) = Cfl,bt © ngt 5
_ (~|V) ~d(¢t 82 yt) = (¢t &® dyt) ()
(Y: @ dpy) ® (dyp ® dY,).
v)
d(%)
_ (G ®dp) & @ ® dY) @ (dY: ® d)
B
@ w; (d7,)?
Proof. (i) If Y, and T, are two

stochastic processes, then d(, @ U,) = dy, ®
dy;.
Since P, and P, are two SPes.
lpt[a] = [Yt[al ¥ [a]], Yela] =
(3iyt Y [a]] are the a-cuts of fuzzy stochastic
process I/Jt and T, respectively.
~ Applying the infinitesimal change formula
ond(y, @ {gt); _
(@) SOdQ/’t 2 yt_)_
= (1/}t+d£ @ y£+dt) -
The a-cutof d(¥. @ Y,) is
AW @ Ypla] ={d@: + Y| A 1,2 Y}

= {(Werat + Yerar) — @ + Y| AP, Y,A g,
ATYs} _
(A Yz = {YeraelYesar € Yevaclal})

={Wtsar = V) + Yrsar — Yl 6 P1,0 Y,
A Pg,A Y3}

= {dy, + @{ytl Atpy,A Y}
B =~d¢t ) Ehpt B
Therefore d(¥: ® Y;) = dy, P dY,.
(i) If ¥, and U, are two SPes,
then d@W: © Y,) = dy, © dY,.
Proof. Proof is similar as proof of (ii).
(i) If ¥, and U, are two SPes, then
AW @Yy = ¥ ® d:_yt) S gyt Q dyy)
@ (dy ® dYy).

@ ® T

(%) Proof. Since ), and 1, are two SPes.

Pila] = [Pilal Pf [al], Uelal = [Gf[al, G [a]]
are the a-cuts of fuzzy SP y, and T,
respectively.
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Applying the infinitesimal change formula
on d(, ® Ty).
d(li’t ® gt) =~ (l[’tmt ® y~t+dt)
W ®7T)
The a-cutof d(W; ® UY,) is
d@e @ Y la] = {dW: Y| A 1,4 Y}

= {Wt+atYerar) — @Y A Y1,A Y,0 s,
A Ys}

= {We(Yerar —Yo) + ‘:;Jt(lpt+dt =) + Werar
- Y
(yt+dt - yt)l A lpl'A y,A IPBJA yS}

= {$.dY, +~ytd¢£ + dlptfl'yt| A}/ﬁrA 'yl
Therefore  d(%, ® Yp) = (¥ ® dY,) & (Y: ®
dp) @ (dPe ® dTy).
(iv) If Y, and U, are two stocrlastic
processes, then d(wfz) =

(Te®aP) DDt ®@dY) DAY @dPr) 1 Pt 2
d
ot ® Lt @3y

Proof. Since ¢, and U, are two fuzzy
stochastic process.

The a-cut of d(ﬂ) is

a51a) = {d(ﬂn A Y
7.

={d@We. YD 2 YA Y}
= {Y;'d, + P dY; ' + dp dYe | A A Y,

(Using fuzzyltoproductrule)

1
= {@dlpt + e[- ,yt dyt ,y3

[~z dY, +
55 (@YD 2 91,8 Y1)
[+ d(F(G0) = (' () ® 4Ty

(dY)?]

+Gf" (o) ® (dF0)?)]
_ @ e Y e BPedY
- { fyt .yz dyt + yg (dyt) yz

_adype(d
wt( yt) | A l/) Ayl}

_ A Y d die.dY P

Yedpe — e dY, — dwtdyt Pe

= d
{ Uz yt -3 (dY)?|
A 1/)1,A~ y1}~ _
_ - ([dY)?dip, =0
Hence d (g) =
t
_ (G ®dp) & @ ® dY) @ (dY: ® d)
)
w; @Y.
Theorem 2 : If ¥, is SPes and is a

constant, then d(Ay,) = A di,.

Proof. Since vy, is a SP and A is a
constant.

Uila] = [PE[al, PY[a]] is the a-cut of
fuzzy stochastic process 1J,.

Applying the infinitesimal change formula

on A,
d(/hﬁg) = /W;Hdt S Mﬁt
The a-cut of d(A,) is
d)[a] = {d(Ap,)| Ay}
= {MWerar — M| A g, A e},
(8 Yg = WeraclPerar € Peraclal})
= {AWtsar — V)| A Pg, 2 Py}

= {Ady| Ay} = Adip,
Therefore d(AY,) = Ady,.

Lemma 1 If B, is a FBM then prove that
d(B?) = 3(B? ® dB,) + 3B.dt.
Proof. Using Ito product, for each
€ [0,1],
{d(B)®| o B,} = {d(B;-Bf)| & By}

= {B,d(B?) + B?dB, + d(B;)?dB,| A
B} (6)

Now {d(B,)?| A B,} = {d(B:.B)| A By}
= {BtdBf + BtdBt + dBtdBtl A Bl}

{d(B,)?| A B} = {2B,dB, + dt| A B,},
({dB,.dB,| A B} = dt)

={—-—= + —(d A
Ye Y? Yoo Y? 5 (@Y1 A, For eacha € [0,1], equatlon (5) is
AY,} = {B,[2B,dB, + dt] + B?dB, + dB,(2B,dB,
+dt)| A By}
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= {2B2dB, + B,dt + BZdB, + 2B,(dB,)*

+dB,dt| A By}
= {3B2dB, + 3B,dt| A B,}

(= {(dBp)?| A B;} = dt,and
{dtdB;| A By} = 0)

Lemma 2 If B, is a FBM then prove that

d(tB,) = B.dt @ tdB,.

Proof. Using Ito product, for each ¢ € [0,1],

{d(tB,)| A B, = {B.dt + tdB; + dtdB,|

A B;}

IV. CONCLUSION

In this paper, the concept of the fuzzy

probability by Buckley [11] is used. The FBM, FSP
and, fuzzy Ito product rule are used to solve the
Quotient FSDE.
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